The influence of parametric noise on the spatiotemporal dynamics of a two-variable reaction-diffusion model, describing pattern formation in excitable media, is investigated. When a control parameter is perturbed by stochastic force with suitable intensity, noise induced pattern transition between "single" spiral wave and "double" spiral waves, which does not occur in the absence of noise, is observed. If this parameter also varies periodically in time around the bifurcation point, we find that the output signal-to-noise ratios show maxima with the variation of noise intensity, indicating the occurrence of spatiotemporal stochastic resonance. [S0031-9007(98) For zero-dimensional systems coupled with noise in multiplicative ways, the bifurcation point is triggered by the noise and the bifurcation character is quite different from the deterministic system. Transitions into new stationary states may occur, which is purely induced by noise, henceforth called noise induced transition [3, 4] . Recent research has paid much attention to spatial extended systems, such as reaction-diffusion system [5, 6] , global coupled systems [7] , etc. It is found that noise can lead to new spatiotemporal structures which does not exist in the deterministic system.
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The influence of noise on nonlinear systems is the subject of intense experimental and theoretical investigations. The most well-known phenomena is noise induced transition [1] and stochastic resonance (SR) [2] , both showing the possibility to transform noise into order.
For zero-dimensional systems coupled with noise in multiplicative ways, the bifurcation point is triggered by the noise and the bifurcation character is quite different from the deterministic system. Transitions into new stationary states may occur, which is purely induced by noise, henceforth called noise induced transition [3, 4] . Recent research has paid much attention to spatial extended systems, such as reaction-diffusion system [5, 6] , global coupled systems [7] , etc. It is found that noise can lead to new spatiotemporal structures which does not exist in the deterministic system.
The phenomenon of SR has gained intense attention due to its great number of applications in different fields of science [2] . This behavior is characterized by the possibility of enhancement of output signal-to-noise ratio (SNR) with the addition of an optimized amount of noise, which is somewhat counterintuitive. After originally being proposed by Benzi et al. to account for the Earth's ice ages [8] , theories of SR have been developed for quite a wide variety of systems such as the following: monostable [9] , multistable [10] , excitable [11] [12] [13] , neuronal network [14] , and even threshold-free systems [15, 16] . In addition, the input signal can be periodic or even chaotic [11, 12, 17] , the noise can be Gaussian white noise or colored [18] , which can be coupled with the system in additive or multiplicative [19] ways. If the nonlinear kinetics of the system satisfy particular conditions, SNR can show multimaxima, indicating the occurrence of stochastic multiresonance [20] . Recently, some authors have studied the influence of additive noise on spatial extended systems, e.g., spatial coupled model in excitable media [21] , reaction-diffusion model [22] , and coupled map lattice [23] , when the control parameter of which varies periodically in time around the bifurcation point. It is found that the coherence of noise with the system also occurs, which is henceforth called spatiotemporal stochastic resonance (STSR).
In the present work, we study a two-variable reactiondiffusion model, describing pattern formation in excitable media, with the influence of parametric noise (therefore the noise is coupled with the system in a multiplicative way). The model is written as
where e ø 1, and f͑u, y͒ and g͑u, y͒ describe the nonlinear kinetics of specific systems. Most generally, the u nullcline f͑u, y͒ 0 is an N-shaped function in u-y plane and the y nullcline g͑u, y͒ 0 is monotone, intersecting the u nullcline at only one point ͑u 0 , y 0 ͒, which is an excitable stable fixed point [24] . Choosing suitable f͑u, y͒ and g͑u, y͒, this model can describe the spatiotemporal dynamics of the Brillouin zone reaction [25] , neural networks [13] , and CO oxidation on catalytic surface [26, 27] , etc. Here we choose f͑u, y͒ u͑1 2 u͒ ͓u 2 ͑y 1 b͒͞a͔, g͑u, y͒ u 2 y, and D y 0. The simulation was carried out on a two-dimensional square lattice under a no-flux boundary condition through a fast algorithm proposed by Barkley [24] . The initial condition is illustrated in Fig. 1 (a) or Fig. 3 (a), which acts as a "seed" to form spiral waves. If a , 1, the model is excitable, and with increasing b, the system shows turbulence, spiral wave, flat wave front, even no wave. Notice for the noflux boundary condition, the flat wave front vanishes when it moves out of the lattice, and the system tends to the absorbing state u 0 y 0 0. Considering now the parameter b is perturbed by noise, i.e., b b 0 1 j͑t͒, where j͑t͒ denotes Gaussian white noise with ͗j͑t͒͘ 0 and ͗j͑t͒j͑t 0 ͒͘ 2Dd͑t 2 t 0 ͒, here D is the noise intensity. In real systems, e.g., the CO oxidation system [26] , this noise may result from thermal Fig. 1(a) . For D 0, the asymptotic pattern is spiral wave with one branch, which we call "single" spiral wave (SSW); see Fig. 1(b) . If the noise intensity is not zero but small, e.g., D 1 3 10 24 , the SSW may lose stability after a period of relaxation time and the system reduces to the absorbing state, which is also the case for large noise level ͑D . 3 3 10 23 ͒. For noise with intermediate intensity, however, one observes transitions into "double" spiral wave (DSW), which have two spiral branches rotating around each other, as it is shown in Fig. 1(e) . At an optimized noise level, D Ӎ 8 3 10
24 , this transition behavior occurs the most frequently. The variation of u tot (obtained by adding up all the value of u on the lattice sites) with time, for different noise level, is shown in Figs. 2(a)-2(d) . Figure 2 (e) presents the probability density distribution for D 0 and D 8 3 10
24 . The latter one shows apparently the characteristic of noise induced bistability.
One notes that this kind of bistability arises via noise induced wave splitting, as it is shown in Fig. 1 . For D 0, the motion of the spiral core is deterministic and the SSW is rather stable. When noise is presented but very small, the trajectory of the spiral core is randomly perturbed and SSW would lose stability when the core moves out of the lattice. A larger noise, however, may lead to wave splitting, i.e., the SSW is broken into segments which rotate around their ends to form new spiral wave branches [ Fig. 1(c) ]. These new branches interact with the original ones, and DSW are formed after some time. The DSW can also jump back to the SSW if the open end of one spiral branch moves out of the lattice. If the noise intensity is too large, the SSW would lose stability before wave splitting occurs such that bistability disappears. It is found that the relative stability of SSW and DSW is also influenced by the lattice size, but the qualitative phenomena observed are similar.
For some other choices of parameters and initial conditions, more interesting phenomena are observed. An example is presented in Figs. 3 and 4. For b 0 0 .015, D 0, and choosing the initial condition illustrated in Fig. 3(a) , the two branches of the spiral wave annihilate each other after a short time of evolution; accordingly the variation of u tot with time is presented in Fig. 4(a) . For  D 1 3 10 29 , however, sustained wave propagation is found, and after a period of time, this SSW hops into DSW, which is rather stable [see Fig. 4(b) ]. For D 1 3 10 24 , the transition between SSW and DSW is more frequent as it is shown in Fig. 4(c) . Here a rather interesting phenomenon exhibits that the DSW can be clockwise (CW), e.g., Fig. 3(b) , or anticlockwise (ACW), e.g., Fig. 3(d) , showing the occurrence of noise induced "chirality" transition. This transition goes through a type of intermediate pattern in which CW-and ACW-wave branches are mixed, as it is shown in Fig. 3(c) . It seems that CW-DSW and ACW-DSW are both asymptotic states of the system, while a specific initial condition only attains one type of them under deterministic evolution. We show that an introduction of suitable parametric noise can lead to transition between them, which seems to imply a possible important role of noise in chirality broken phenomena. For the control parameters and initial condition corresponding to Fig. 2(c) , however, it is observed that the chirality transition can occur only when the SSW jumps into the DSW or vice versa, e.g., a CW-SSW can jump into an ACW-DSW, while direct transitions between CW-DSW and ACW-DSW were not observed.
From the preceding study, it is found that the parametric noise of b can lead to transition into new asymptotic patterns which may be of more interest, showing the constructive role of noise in shaping, and even controlling the observed spatiotemporal dynamics. Furthermore, there seems to exist an optimized noise level that supports the transition most which implies a possible resonance behavior between the noise and the system. One may expect that this kind of resonance behavior is relevant to stochastic resonance. Now we let the parameter b vary periodically around the bifurcation point in the presence of noise, i.e., b b 0 1 A sin vt 1 j͑t͒. We choose b 0 0.017 and A 0.002 ͑v p͞50͒ such that for D 0, the combination of b 0 and A sin vt yet cannot "fire" sustained wave propagation (one notes that this is something like the threshold-crossing FHN model [13] ). For these parameters, flat wave fronts prevail over spiral waves, and finally the wave fronts move out of the lattice. However, it is quite surprising that a rather small noise In the present work, we have studied a two-variable reaction-diffusion model, describing pattern formation in excitable media, under the influence of parametric noise. Noise induced pattern transition between single spiral wave and double spiral waves is observed, which indicates that noise plays an important role in shaping the observed spatiotemporal dynamics. A rather interesting phenomena, noise induced chirality transition, occurs for some specific choices of parameters and initial condition, which may stimulate further study on the role of noise in chirality broken phenomena. In addition, it is found that an optimal noise level exists which supports the transition most. In another part of this paper, we show that this resonance behavior might be characteristic of spatiotemporal stochastic resonance: When the control parameter varies periodically in time around the bifurcation point, under the perturbation of noise, it is found that sustained wave propagation and oscillations of u tot occur, and the output signal-to-noise ratio shows a maximum with the variation of noise intensity D. Since the model studied here is applicable for many important chemical or biological systems and parametric noise is quite universal resulting from fluctuations in temperature or partial pressure, the present work can help in understanding the observed dynamics of such systems and open up further perspectives about the role of multiplicative noise on pattern formation in nonlinear systems. This work is supported by the National Science Foundation of China and the National Laboratory of Theoretical and Computational Chemistry of China.
